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Abstract 

We describe a task that engaged a class of Grade 9 (aged 14-15) students in 
informal reasoning about the stabilized relative frequency distribution. The task 
involved a horizontal modelling process of the relative frequency of appearance of 
each vowel in strings of characters with three cycles: a pseudo-concrete model 
developed through a statistical process of investigation, a statistical model, and 
validation. We highlight aspects of students’ reasoning about variability when 
interconnecting this important statistical concept with the related ideas of density, 
stability, data and distribution. 
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1. Introduction 

Since its inception, philosophical difficulties have been prevalent in defining probability. 
Those difficulties are related to the fact that probability is not an inherent property of an event, 
but it is based on the underlying model chosen (Borovnik & Kapadia, 2014). Difficulties related 
to the nature of each of the models (classical, subjective, frequentist or logic) have been largely 
analysed by researchers investigating Probabilistic Thinking (Chernoff & Sriraman, 2014). 
Acknowledging the difficulties of introducing probability at the school level, teachers tend to be 
resistant to its teaching. In order to improve this situation, there have recently been various 
efforts to innovate and reform the teaching of probability by integrating it within the teaching of 
statistics, considering that Chance and Data developments should be intertwined. Those 
innovations aspire to link students’ real world experiences to sustainable representations of 
probability.  

It is in line with this aspiration that we present, in this paper, a task involving a horizontal 
modelling process of the relative frequency of appearance of each vowel in strings of characters. 
The task aims to help students analyse the variability of data and to estimate a confidence 
interval while informally reasoning about the stability of frequencies. Although the task seems 
very simple, complex concepts can emerge from it, including variability, stability, and relative 
frequencies in a modelling process that can eventually lead to the introduction of the Law of 
Large Numbers. The analysis of the interplay between these notions is introduced through a 
historical analysis of the Law of Large Numbers, and an aggregate view of the stabilized 
relative frequency distribution. In the study described in the paper, we sought to investigate 
whether the task indeed helped students to reason about data variability while analysing the 
stabilized relative frequency distribution. 
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2. The Law of Large Numbers 

2.1. A historical view of the Law of Large Numbers 

We are exploring in this paper the possibility of introducing stabilized relative frequencies 
distribution as a mathematical activity, in coherence with the growth of the probabilistic 
thinking to mathematize the frequentist notion of probability due to the evolution of the ideas of 
Huygens, Bernoulli and Von Mises. 

 For Huygens, a prominent Dutch mathematician and scientist who lived in the 17th century, 
probability was not yet a number (Huygens, 1998). It was a collection of arguments (pros and 
cons) that could be used to weigh arguments. These arguments were related to decisions made 
in the context of playing games of chance with equally likely outcomes. From these arguments, 
Huygens derived the expected value of an event (Shafer, 1996). Huygens’ philosophical 
disquisitions were crucial for Bernoulli when introducing probability as a number instead of an 
estimation of possibilities. Bernoulli derived a mathematical relation (a kind of convergence) 
between equal probabilities and the observed frequencies in the repetition of such games, which 
comprised the very first version of the “Law of Large Numbers”. 

It was Von Mises’ (1964) disquisitions in other contexts, such as the sex of a new born in a 
population, that were crucial for considering not only individual events, but also the different 
outcomes of a distribution. Furthermore, this consideration of different events created the need 
of analysing variation and variability of these outcomes. Von Mises is considered to have 
played an influential role in the definition of probability. On his works underlie the analysis of 
the convergence on probability, but also the variability. He analyses the variability due to the 
density of the different outcomes, expressed by the frequencies, the tendencies and the intervals 
of confidence that gave sense to the convergence on probability when the number of observation 
increase.  

Von Mises’ (1928/51) axiomatic frequentist definition of probability has two main 
contradictions. In order to prove the “Law of Large Numbers”, a definition of the theoretical 
value of probability, and a definition of the property of convergence of probabilities are needed. 
For Batanero, Henry and Parzysz (2005) this conception confuses model and reality. Von Mises 
(1964, pp. 45) understood this difficulty as unavoidable in mathematical science, arguing that: 
“the transition from observation to theoretical concepts cannot be completely mathematized. It 
is not a logical conclusion but rather a choice, which, one believes, will stand up in the face of 
new observations”. In the ideas of Von Mises underlie a constructivist perspective about how 
probabilistic, statistical and mathematic thinking is organized, defined, and proved. 

 
2.2. Tradition and innovation when introducing the Law of Large Numbers at school 

Cognitivist researchers, such as Treffers (1987), introduce the idea of progressive 
mathematizing in terms of two types of mathematical activity- horizontal mathematizing and 
vertical mathematizing. Treffers describes horizontal mathematizing as “transforming a problem 
field into a mathematical problem” (p. 247). Horizontal mathematizing might include, but not be 
limited to, activities such as experimenting, pattern snooping, classifying, conjecturing and 
organizing. Those horizontal activities can be grounded in, and build vertical mathematizing, 
which encompasses activities such as reasoning about abstract structures, generalizing and 
formalizing.  

Historically, the works of Huygens, Bernoulli and Von Mises can be thought of as a process 
of horizontal and vertical mathematizing of the frequentist notion of probability. This growth in 
probabilistic thinking construction might be transferred to education through the design of 
learning trajectories that enable students to be involved in horizontal and vertical 
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mathematizing. For some statistics educators, horizontal mathematizing can be understood as 
the development of mathematical models (Drijvers, 2000). These educators view students’ 
modelling process as going through multiple cycles of developing a mathematical model for a 
given problematic situation (Lesh & Doerr, 2006). Thus, in designing a learning trajectory to 
prove the law of large numbers, one should take into consideration the background about the 
historical evolution of the frequentist notion of probability and its implications in the learning 
process. 

The differences between estimation and probability have been confusing when teaching 
probability. In the Spanish curricular design and its textbooks, this estimation is taken as the 
definition of the mathematical value  (Chaput, Girard and Henry, 2011; Serradó, Cardeñoso and 
Azcárate, 2005). In some other countries, this dichotomy between experimental value estimated 
based on empirical models, and theoretical value based on probability distributions, has been 
tackled by opting for a modelling perspective, where probability is a theoretical value of the 
degree of confidence that one can give to a random outcome obtained by an observation of the 
stabilized relative frequency when the same random experiment is repeated a large number of 
times under the same conditions  (Chaput, Girard, & Henry, 2011). 

Some difficulties when proving the “Law of Large Numbers” were anticipated by Bernoulli. 
He dismissed context, arguing that most phenomena were perceived to be too complex to take 
context into account, and he derived mathematically a relation (a kind of convergence) between 
equal probabilities and observed frequencies in the repetition of an experiment (Borovnik & 
Kapadia, 2014). The frequentist approach does not provide the probability for an event when it 
is physically impossible to repeat an experiment under the same conditions, or a very large 
number of times (Batanero, Henry, & Parzysz, 2005). In the school context, students are not 
usually asked to analyse if it is physically possible to repeat an experiment or not, due to the use 
of traditional random generators (dice, coins …) or the use of simulation tools constructed based 
on the theoretical model. We argue that, in order to overcome this obstacle, students should be 
confronted with situations or contexts in which the data generated is susceptible to be repeated 
under the same conditions in a statistical environment. In the analysis of context, one should 
have in mind reasoning about the population, the samples taken and the sampling process. In 
reasoning about samples and the sampling process, teachers and students should have in mind 
the difficulties involved in determining the minimum value of required sample size for 
accepting the estimated sample statistic as representative of the corresponding population 
parameter (sample representativeness). They should also be able to explain both the similarities, 
and differences between the estimated and the theoretical value of the probability. 

Furthermore, Bernoulli’s restriction to only equalprobable events still remains as a 
prevailing tradition in curricula using random equiprobable generators, where students can 
anticipate the theoretical value of probability through a classical: Laplacian model. Difficulties 
can arise again due to equiprobability bias, when distinguishing between the estimation and the 
theoretical value. In order to improve this situation, it could be useful to introduce students to a 
context in which the events are not equiprobable, or at least students have an intuition that they 
are not going to be equiprobable. From a statistical point of view, students should not only 
analyse an isolated repetition of an event, but should rather analyse the distribution of 
frequencies, understood as the aggregate properties of the data (Bakker & Gravemeijer, 2004).  

The idea of distribution was still hidden in the arguments of Bernoulli, although it formed 
the basis of his proposed “Law of Large Numbers” (Borovnik & Kapadia, 2014). Von Mises 
(1928/51) describes the need for the analysis of the outcomes that describe a distribution, but 
also the variability of these outcomes. Conducted educational studies investigating the 
conceptual construction of the “Law of Large Numbers” and the concept of probability, inform 
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us that, at the very minimum, an analysis of the following is required: (a) the variability of the 
results obtained when repeating an experiment, (b) the stability of the frequencies of the 
observed outcomes, and (c) the relation between the value of the limit of the frequencies, the 
distribution of possible outcomes, and the theoretical value of the probability (Yánez & Jaimes, 
2013).  

In sum, we understand these new claims of innovation, when introducing the Law of Large 
Numbers and the frequentist definition of probability, as: (a) the integration of probability 
within statistics, with a gradual evolution from informal to formal reasoning and thinking about 
data and chance to understand the four primary interpretations of probability (Chernoff & 
Sriraman, 2014), (b) an aggregate view of the data, that distinguishes between data as individual 
values and distribution as a conceptual entity  (Bakker & Gravemeijer, 2004), in which the 
stabilized relative frequency distribution will help to connect between the real contexts and data 
to formally define probability distributions  (Serradó, 2014), (c) data modelling as a powerful 
vehicle for illuminating students’ learning potential (English, 2012), when involved in 
horizontal and vertical mathematizing activities, and (d) a growth in the understanding of 
concepts related to chance and data, in general, and  of the Law of Large Numbers, in particular. 

Although, the elements of innovation are described independently, we consider them as 
interconnected, and emerging from the need or evolution of each other. This is the reason why 
we consider that a learning trajectory might begin with reasoning about the aggregate view of 
data. 

 

3. Stabilized relative frequency distribution framework (SRFD) 

Bakker and Gravemeijer’s (2004) theoretical framework allows analysing the relation 
between data and distribution in an informal way. The two authors examine aspects as centre, 
spread, density and skewness to structure the relationship between data (individual value), and 
distribution (conceptual entity). This structure can be read upward, from data to distribution, 
which is typical for novices in statistics; or, downward, from distribution to data, in which they 
use probability distributions to model data. From the two perspectives, we are interested in the 
upward approach, i.e. in how students organize numerical data as a frequency distribution that 
allows them to take an aggregate view of the data and to describe the distribution’s shape, centre 
and spread (Konold & Kazak, 2008). For an accurate analysis of the cognition process 
developed when constructing the notion of distribution, we consider the framework developed 
by  Ben Zvi, Gil and Apel (2007). They distinguish between reasoning about variability, 
distributional reasoning, reasoning about signal and noise, contextual reasoning, and graph 
comprehension. This framework provides the opportunity to think about the links when 
reasoning about distributions and variability, but it has omitted the links with sampling 
reasoning (Dierdrop et al., 2012). Furthermore, if we provide students with the opportunity to 
think about the variability of a distribution in a statistical modelling process of “growing 
samples”, they might be able to construct the concept of stabilized relative frequency 
distribution. 

In coherence with that aggregate view of data, we propose the Stabilized Relative Frequency 
Distribution Description Framework (SRFD), in which we describe theoretically the 
overarching statistical s and features of the distribution: contextual knowledge (population, 
sample, sample size, variable, interpretation, explanation…), distributional knowledge (shape, 
skewness, error, reliability, individual cases…), graph comprehension (decoding visual shape, 
unusual features, smoothing, comparing samples…), variability (spread, density, tendencies, 
intuitive confidence intervals) and signal and noise (centre, modal clumps). 
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The variability dimension of the SRFD framework includes both variability as the 
propensity for something to change, and variation as the description or measurement of this 
change (Reading and Shaughnessy, 2004). We use Shaughnessy’s (2007) artificial 
categorization about variability in data, among samples, from samples to samples’ distribution, 
from informal to formal inference to analyse the different kinds of reasoning about variability 
that students do when involved in a task about the stabilized relative frequency distribution.  

 

4. Methodology  

To answer the main question as to whether the task can help students to reason about 
variability when analysing the stabilized relative frequency distribution, we carried out a design-
based research study of the task (e.g. Bakker & Gravemeijer, 2004). The task was constructed, 
refined and validated for developing reasoning on stabilized relative frequency distributions in 
the context of informal inferences (Serradó, 2014), and developing hypothetical thinking 
through four cycles of informal stochastical modelling (Serradó, 2014). The main question of 
the task, or real problem, was: “Can I guess which language my friend is speaking by only 
counting vowels?”. The problem generated three questions, fully described in previous work of 
the first author (e.g. Serradó, 2014), which allowed students to be involved in an informal 
modelling process. 

We present in this paper two phases of the teaching experiment. The first phase took place 
in 2013 and lasted for 11 sessions of 60 minutes, while the second cycle was implemented in 
2014 and lasted for 8 sessions of 60 minutes. The aim of the first phase was to validate and 
refine the task and the technological tools developed, and the possibilities that they provide 
students to conjecture. In the second phase, the validated task has been used to analyse the 
possibilities that it gave for students to develop an aggregate view of data, as the stabilized 
relative frequency distribution. In particular, in this paper we analyse students’ reasoning about 
the variability of the data. 

Both phases of the study took place in a Grade 9 (ages 14, 15) classroom of Spanish 
Compulsory Secondary School in a low socioeconomic coast city. A total of 49 and 45 students 
participated in phases 1 and 2 of the study respectively, grouped in two classrooms A and B,. 
For each problem and cycle of modelling, the question was first presented to the whole class in 
order to collectively decide which statistical problem to pose. Next, Students were asked to 
individually hypothesize about the answer to the posed problem. Then, cooperatively in small-
groups of four, students were asked to confront their hypothesis to promote a deliberative 
dialogue, which guided the successive cycles of investigation. Each group’s interpretations were 
presented to the whole-class in order to draw conclusions about the problem and to structure the 
components of the SRFD. These conclusions led to new problems, new cycles of modelling, and 
new methodological cycles of whole class discussion, individual reflection, small-group action, 
and whole class discussion. We videotaped the whole class discussions, collected individual and 
small group work samples, and conducted a small number (n=11) of individual interviews. The 
data was codified by the researchers using the SRFD framework, with the aim of investigating 
the relationships that students established between the distributional and variability elements. 

 

5. Results and discussion 

Previously to the first cycle of investigation, corresponding to the pseudo-modelling 
process, students were asked to draw their first conjectures, as a hypothesis about the answer of 
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the problem: “Is letter A the letter that appears most often in Spanish?” All students (phase 1 
and 2) agreed that letter A was the most frequent letter of the Spanish alphabet. We are 
interpreting this as an indication that students were able to draw hypothesis about the density of 
the data as a perception of the reality about the structure of the Spanish Language (Serradó, 
2014b). We think that students undertaking this particular problem had an initial appreciation of 
the variability of the data, as a gestalt of the density of the vowel, that allowed them to reason 
“iconocally” as described by Watson & Kelly (2006). 

Then, students were involved in the first cycle of investigation. Each team of students 
selected the sample - the kind of text and its size - analysed the data and compared the results of 
their investigation with their initial hypothesis about the relative appearance of letter “a”. We 
can find differences on how the students reasoned about the similarities and differences between 
their hypothesis and the empirical results. Students considering the process of investigation as a 
manner to validate their hypothesis noted:  

We were right, that vowel “a” is the one most often used (phase 1, A21).  

Meanwhile, other students thought that only one sample is inadequate to validate their 
hypothesis and argued:  

After the first investigation, we have thought that we should select another text to compare the 
results, and prove that letter “a” is still the one most used. We have to consider that the text selected 
has to have the same size of characters. With the results of this sample we have arrived to the 
conclusion that the letter that appears most often is still “a”. However, the frequency of the vowels’ 
appearance varies (Phase 1, B1).  

These students are arguing about the variability of the data when comparing samples of the 
same size. We think that the selection of a second sample and its comparison has enabled them, 
as additive reasoners, as described by Watson & Kelly (2006), to argue about the variability of 
the data and to discuss the need of the variability of the sample.  

But, for Francisco (phase 1, group A41), the first cycle of investigation does not give him 
enough information. He describes what he thinks that he has to improve his investigation: 

The precision of the data, because the samples have a lot of variability. The quantity of data analysed. 
The sample size is not adequately large. I think that the most important thing is that we are not able to 
analyse all the texts written in Spanish.  

We interpret that the student reasons using his contextual knowledge about the samples of 
texts and the population to look for the reliability of the distribution. But, he is still not able to 
understand the variability due to the sampling process.  

In the second cycle of investigation, students used the affordances of Geogebra to animate 
the bar graphs of the relative frequencies of appearance of each vowel in relation with the total 
number of characters of the text, with samples from 1 to 10000 characters (Serradó, 2014a). We 
can again find differences when decoding the visual shapes of the bar graphs. The analysis of 
the animation helped students of group A in phase 1 to reason about the relation between sample 
size, variability and the tendencies of the distribution of vowels. We highlight the description 
made by students of team A6, phase 1:  

The distribution of frequencies in relation with the sample size of characters has little variation 
because all the graphs are similar except from the first of 1261.  

Using the classification introduced by Shaughnessy (2007), when conceptualizing about 
variability students tend to focus their attention on particular data values as pointers, as in this 
case in a very strange value. Furthermore, we consider these students’ expression “all the 
graphs are similar”, as an indication that they have begun to move away from seeing data only 



421                                                               Segundas Jornadas Virtuales en Didáctica de la Estadística, Probabilidad y Combinatoria                                         

 
 

as individual values that vary, to recognising that entire samples of data can also vary. Students 
are expressing variability among samples, which came from the analysis of the individual data 
to samples.Meanwhile, students of phase 1, group B and students of phase 2 looked for 
differences between variables:  

The differences between [the appearance of] A and E with respect at the number of characters is that 
the graph increases or decreases in relation with the other vowels” (Phase 1, group B2) 

The relative frequencies of vowels a and e, at the beginning, are more equal, but when the number of 
characters increases, letter e smoothens, while letter a increases, but finally all the frequencies evolve 
to the same rhythm. The relative frequency of “a” is approximately 0.12… and it is always around 
this value” (Phase 2, B3). 

 When using the expression “it is always around this value”, we think that students are 
describing some kind of convergence to the estimated value. According to Watson and Kelly 
(2006), students’ reasoning is predominantly proportional to conceptualize the variation about 
the expected value (Shaughnessy, 2007). Students have analysed both the variability of the data 
corresponding to the vowels, and the variability of the samples to describe the stabilization of 
the values, but they are still not able to describe the variability of the sampling distribution. If 
instead of a statistical analysis of students’ reasoning, we analyse it from a probabilistic point of 
view, we can say that students are conjecturing about the expected value to which the samples 
converge, but still they do not make any reference to the sample. 

Jonas (Phase 2, A5) concluded from the analysis of the tendencies that “when increasing the 
sample size, the values of the variable vary”. And, when the teacher interviewed him, asking if 
he was able to generalize the ideas he proposed, with the aim of provoking a vertical 
mathematization, he responded: “Increasing the sample size, increases the values of each 
variable in relation with the horizontal axis approximately till 7000, at which point they seem to 
eventually stabilize”. We consider that the student has attempted to balance sample 
representativeness with sample variability, with an initial proportional reasoning about the 
variability of the distribution. When the variation between or among a set of distributions is 
compared, the spectre of statistical significance arises. Theoretically, probability distributions 
emerge to help decisions about distributions of data, or about sampling distributions (Baker and 
Gravemeijer, 2004; Shaughnessy, 2007). In consequence, we think that the task has helped the 
student to develop his intuitions about the Law of Large Numbers, and it has provided him with 
background knowledge to define the axiomatic of frequentist definition of probability.  

In the third cycle of investigation, when the student is analysing a second animation to 
compare three samples of texts and validate the model (Serradó, 2014a), he notes the following:  

“[sampling distribution] is varying till they stabilize from a specific sample size onwards. In the first 
sample, the value is 8000; in the second, 7500 and in the third, 6000” (Jonas, Phase 2, A5).  

We think, that the student has been reasoning proportionally looking for the minimum value 
of sample size, at which there was a convergence of the distribution. The student has only 
informal intuitions about this convergence, but may be the task has given him the opportunity to 
reflect about the importance of sample size and sample representativeness. This, in turn, is 
going to help him in the future to understand the complex nature of formal inference. 

 

6. Conclusions 

The task employed in this study, has enabled students to reason statistically about the 
stabilized relative frequency distribution when solving the problem: “Which vowel is used most 
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often in Spanish?” From a statistical point of view, the task was organized with the aim that the 
students develop an aggregate view of the data when counting the appearance of vowels on 
chains of characters.  The theoretical framework introduced by Bakker and Gravemeijer (2004) 
has provided a tool for structuring the relationships between data (individual values), and 
distribution (conceptual entity). We consider the stabilized relative frequency distribution as a 
conceptual entity to be analysed prior to the introduction of the Law of Large numbers. This 
aggregate view has provided the SRFD description framework, including, among others, a 
dimension that analyses students’ descriptions and reasoning about variability. 

We have used the artificial categorization introduced by Shaughnessy (2007) to analyse how 
students reason about the variability in data, among samples, and from samples to distribution. 
The problem posed and its contextual analysis has provided students with a gestalt of the 
density of the vowel, reasoning iconically about the variability of the data. In the first cycle of 
investigation, corresponding to a pseudo-modelling process, students have been reasoning, as 
additive reasoners, about the variability of the data when comparing samples of the same size. 
Furthermore, their engagement with the task has prompted the need for them to understand 
variability due to the sampling process. 

In the second cycle of investigation, a modelling process, we have used the affordances of 
Geogebra to decode the visual shapes of the bar graph. Some students have described contextual 
aspects such as the sample size and distributional aspects such as the tendencies, and also 
conceptualized about variability, focusing their attention on particular data vales. Students have 
begun to move away from seeing data as individual values that vary, to recognising the 
variability among samples. Students with a proportional reasoning have been able to 
conceptualize the variation about the expected value, reasoning about the variability of the data 
corresponding to the vowels as variables and the variability of the samples to describe the 
stabilization of the values. When trying to generalize the ideas about stability, sample variability 
and sample representativeness, an initial proportional reasoning about the variability of the 
distribution has appeared. In the third cycle of investigation, when validating the model through 
decoding and comparing samples, students were able to reason about the variability of the 
sampling distribution. 

From a probabilistic point of view, we think that the task has helped students to develop 
their informal reasoning about the Law of Large Numbers. They have been reasoning about the 
value in which the distribution approximately stabilized, giving them the sense of the need of 
estimating this value. Furthermore they have been reasoning about the minimum size of the 
sample that gave sense to the stabilization of the distribution. The modelling process proposed 
in the task has allowed the students to investigate about density, looking for patterns when 
analysing the variability and stability of the relative frequencies, and conjecturing about the 
value estimated in which the distribution stabilized. But, when the students were asked to 
generalize their conjectures, they were involved in vertical mathematizing of the frequentist 
notion of probability. The horizontal and vertical mathematizing has allowed linking students’ 
real life experiences to sustainable representations of probability integrated within statistics.  
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